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Abstract 

The purpose of this article is to initiate a study of a class of Lorentz 
invariant, yet tractable, Lagrangian Field Theories which may be viewed 
as an extension of the Klein-Gordon Lagrangian to many scalar fields in 
a novel manner. These Lagrangians are quadratic in the Jacobians of the 
participating fields with respect to the base space co-ordinates. In the case 
of two fields, real valued solutions of the equations of motion are found and a 
phenomenon reminiscent of instanton behaviour is uncovered; an ansatz for 
a subsidiary equation which implies a solution of the full equations yields real 
solutions in three-dimensional Euclidean space. Each of these is associated 
with a spherical harmonic function. 

1 Introduction 

Recently a class of field theories which arise as a continuation of the Dirac-Born- 
Infeld theories to the case where the dimension of the base space is larger than that 
of the target space was investigated ^ |^ . We named these theories Companion 
theories, as they appeared as associated with string and D-brane theories, and the 
corresponding Lagrangians as Companion Lagrangians, which were of square-root 
form. 



C = 







det 







where the set of functions 0* {i = 1, 2, ■ ■ ■ each dependent upon co-ordinates 

{fi = 1,2, ■ ■ ■ ,d > p + 1) is a mapping from the base space to the target space. 
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A remarkable property of the theory is that the equations of motion derived from 
L are invariant under arbitrary field redefinitions 0* </)''' {(p^). In consequence, a 
large class of solutions may be found, and these equations are completely integrable 
when d = p + 2. However the solutions are for the most part given in implicit 
form. 

In this article, we shall instead study the Lagrangian density which is the square 
of (|l|), for which it will turn out that it inherits much of the integrability of the 
previous case, but permits solutions of the equations of motion in explicit form. 
Indeed, while this investigation was motivated by the notion of the Companion 
Lagrangian, it may be regarded as a study in its own right of a natural generalisa- 
tion of the Klein-Gordon Lagrangian to many fields obtained by replacing 
by the Jacobian J^i^ij - ^ip+i of p + 1 fields with respect to a set of the co-ordinates, 
and summing over all combinations of J,? „ „ 

After a short description of the equations of motion for the general case of 
p+1 fields in d dimensions, we analyse the specific example of two fields. We also 
give attention to a first order differential equation as an ansatz to solve the full 
equations of motion with p+1 fields in d = p + 2 dimensional Euclidean space. In 
the simplest, non-trivial example among such theories, corresponding to two fields 
in three dimensions, we explicitly demonstrate a large class of solutions, including 
a solution of the ansatz equation associated with each spherical harmonic function. 

In this article, we shall restrict ourselves in the main to the massless case. The 
example studied should not be confused despite analogous duality features with 
the study of antisymmetric tensor fields, as in Freedman and Townsend |Q. Here 
the antisymmetric field has an additional structure, as it is constructed from two 
scalar fields. 



2 Companion Equations 
2.1 Notation 

We work in c?- dimensional flat space with the totally antisymmetric tensor ei^j^^^.-.i^d 
with ei2...d = +1- Indices with an arrow above them denote a set of several indices, 
/i, z7, p each have p+1 components, e.g., u = {ui, 1^2, ... , i^p+i}. t, k,, ff each have 
{d — p — 1) components, e.g., k, = {ki, K2, . • • , ft^d-p-i}- If the prime ' is used for 
the indices, /2, u or r, k,, then their components start from the second entry of 
un-primed ones, e.g., u' = {z/2, . . . , i^p+i} and k' = {^2, . . . , i^d-p-i}- 
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2.2 Jacob ians 

We define Jacobians Jft and their duals Jj; as 

Jit t^KlK2...Kd-p-l 



CK!7Cil...ip+i0;/\ • • • 0i/p+\ = /„ , ^ku Jy ; (2) 



n....p+i.'.i---.'.p+i (p+1)! 

where 0^ = d(jf /dx^. The derivatives of the Jacobians are 



dJi, 1 



kt2 Atp+1 



(3) 



Using the Jacobians, the Companion Lagrangian Ci without square-root is written 

as 



Ci = det 



(90* dcp^ 



The equation of motion for Li is then given by 
' dCi\ 2 dJi(dJ^ 



9, 



(4) 



(5) 



3 Solutions of Quadratic Jacobian Lagrangian 

Let us consider the specific case of two fields, in which the Jacobians are given, 
with (j)^ = u and 0^ = f , 



du dv du dv 



dxf^ dx^ dx" ^x^^ 
It is noteworthy that J^jy is like a field strength F^j, for the gauge potential 

dv dw 
Aa = u—- + 



^x^^ dx^^ 



(6) 



(7) 



where the field w represents an ambiguity by gauge transformation. This is the 
Clebsch representation for a vector field in the case of three dimensions |^. 
Using subscripts to denote derivatives, e.g. = du/dx^, the equations of motion 
(^) in this case are simply 



d 



u. 



Jn. = 



d 



Jn. = . 
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Note that these equations mean that the vector dJi^^/dx^^ is orthogonal to both 
the vectors Ui, and v^,, and this imphes the following equation in three dimensions, 

d 

-Q^{u^iV^-UuV^) = X{u,v)eupaUpVa , (9) 

where A is a function oi u, v. 

There is a large class of solutions which may be simply categorised as follows, 

u = f{apxP, bpXp) , V = gittpx'', ItpX^) , (10) 

where /, g are arbitrary functions of two variables and the constant vectors Op, hp 
satisfy 

{apap){h„h„) - {a^hpf = . (11) 

Notice that in Euclidean space such solutions, if they are to be nontrivial, are 
necessarily complex. The trivial solution Op = Xhp implies that u and v are 
functionally related. This result is a direct generalisation of the Klein-Gordon 
situation, that (f){a-x) is a solution of the massless equation iff a is null. A specific 
example of this form of solution in three dimensions is given by 

u — f{x + isinOy, z + icosOy) , v — g{x + isinOy, z + icosOy) . (12) 

In Minkowski space, of course, real solutions may be obtained by setting t = iy. 
In fact a yet more general construction can be given; in three dimensions it is 

u — F{apX^, hpx'\ CpX^) , v = G{apX^, bpX^, CpX^) , (13) 

where F, G are arbitrary functions of three variables and the constant vectors 
ap, bp, Cp satisfy 

{apap){baba) - {aphpf = , Cp = Spraarba , (14) 

while in higher dimensions the definition of Cp is replaced by 

Cp — ^pXiX2...Ta ^Ai^A2 ■ ■ ■O'Tba , (15) 

and k'^ . . . are constant vectors orthogonal to a and b. There is an alternative 
strategy in seeking solutions, which we elucidate below. 

4 Ansatz for Companion Equations 

In this section, we consider p + 1 fields in p + 2 dimensional Euclidean space 
and obtain auxiliary equations whose solution implies that of the full equations of 
motion in the manner of the equations of self-duality. 
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4.1 Ansatz equations for {d = p + 2,p + 1) 

In the d = p + 2 dimensional case, the Jacobian defined in has one index 
= ^^pliy ^Kui..Mp+iJui...i'p+i- We make the assumption that the Jacobian is 
expressed as the derivative of a function G{x), 

1 1 

'^'^ ~ (p + 1)! ^'^'^i---^p+i"^^i---''p+i ~ _|_ iy_ ^'^'^ '^'^ ~ di^G{x) , (16) 

or equivalently, in terms of the dual Jij, 

J, = e^,d^G{x) . (17) 

From (0), we can easily see solutions of the ansatz to satisfy the Companion 
equation of motion (^, since d^^Jy^c)' = ^nuiu'du^d^G^x) = 0. Differentiating the 
LHS of ( p!6D and using the Jacobi identity for Jp, d[i^j0] = 0, we obtain the harmonic 
equation for G{x), 

aG{x) = d^d^G{x) = . (18) 

The relation (p!7| ) between and d^G{x) may be considered analogous to the 
implications of self-duality in monopole theory. The Jacobi identity for the for- 
mer gives the harmonic equation for the latter, while the integrability condition 
for the latter leads to a divergence-free equation for the former which solves the 
Companion equations (||). 



4.2 {d = 3,p = 1) case 

Let us apply the ansatz equation (0) for the case with two fields in three dimen- 
sions. 

In , this equation has appeared as a dual version of the Poisson Bracket version 
of the three-dimensional Nahm equations, for which Ward has given an implicit 
solution 0. From (|19D, we see that the vector dfj_G is orthogonal to both vectors 
Uu and Vcr- As is well known, with the use of polar co-ordinates 

a; = r sin 6* cos , ?/ = r sin^sin0 , 2 = rcos^, (20) 

the 3D harmonic equation for G is solved in terms of spherical harmonic functions, 

OO / 1 

G = E E <Gr , Gr = -jT.ynoA) , 

1=0 m=-l 

F™(^,0) = pl'"l(cos^) e*"^^ , (21) 
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where af^ are constants and P;'™'(cos^) are associated Legendre polynomials. 

Let us first apply each to the ansatz equation and find corresponding 
solutions of u and v. The homogeneity of the RHS of (|19|) is of degree — (/ + 2), as 
is of degree — (/ + 1), Thus, at a first attempt to solve the ansatz, it is natural 
to impose a homogeneity condition upon both functions u and v, 

u{tx,ty,tz) = t^'^ u{x,y, z) , v{tx,ty,tz) = t~'"' v{x,y, z) , (22) 

or equivalently, 

x^df,u{x,y,z) = -ku{x,y,z) , x''d^v{x,y, z) = -nv{x,y,z) . (23) 

When u and v are expressed in terms of {r,6,(f)}, their r dependences are deter- 
mined by the condition (^) as m = r~'^U{6,(f)) and v = r~^V{6,(j)). The degrees 
of u, V and G are obviously related by 

k + n = l . (24) 

We suppose the numbers k and n to be integers and also k > n >0 to make sure 
that u and v are well behaved as r oo. 

In the / = case, G = Gq = ^/r and functions u and v are homogeneous of 
degree zero. Then a solution of the ansatz (O) is easily obtained as 



z y 
u = cos 9 = - , V = (J) = arctan — . (25) 
r X 

For the / > case, multiplying (|TP|) by e^xp^x, with the use of the homogeneity 
condition of u and v, we have 

- kuvp + nvup = ef^xpXxGf, . (26) 

Conversely, acting with the operator erapd^ upon (PBD, we have l^trapUa^p — Gr) = 
Xt-AG, showing the equivalence between ( [T9| ) and (^), provided G(x) is a solution 
of the harmonic equation. 
Let us consider the canonical transformation, 

1 

u' = --UV , v' = \n — , {u',v'}^u,v) = 1 , (27) 

under which the ansatz equation (^) is invariant. Then (^) is transformed into 
the form of the equation (^) with {k,n) = {1,0). Therefore, in the following, we 
concentrate on the [l, 0)-type solutions. 

For the (/, 0) case, the equation ( ^61) becomes 

Vf, = a{x) e^xpXxGp = l^G , a{x) = , (28) 

t Uj 



6 



where are angular momentum operators, which are rewritten in terms of {r, 6', 0}, 

d d Odd 

li = -smcf)—- cote cos (f)— , h = cos(j)— - cotOsmcj)— , /g = — . (29) 
o9 ocp o9 dcp ocp 

The first equation in (pSj) can be recast as 



^ _a^x)r ^ f0 = r sin 6'G'0 . (30) 

sm 

The integrabihty condition d^vg = dgv^ gives a first order equation for a{x), 

dfj,hia + Gedelna = — r-2-^(sin6'(90(sin6'G'6») + C^^) = — G , (31) 



sin^e^ sin^^ 

where the operator l"^ = l\ + + ll- 

For G = (/ = 1, 2, ■ ■ ■ , m = 0, 1, ■ ■ ■ , /) in (pT]), the operators / ^ and (9<^ = /g 
give eigenvalues — /(/ + 1) and im, respectively. Then (|3l|) becomes, with g = cos6 

im^^dAna + sm^e \ d.ln a = l{l + 1) Pr{q) • (32) 
sin 9 do 



To find real solutions for a{x), we assume a{x) = a{r, q), which gives 

^.lna(r,g) = -i^i±i^^. (33) 



The function u is then given as 

1 6-^(9) r Pl^{q) 



u 



The form of v is easily evaluated by the second equation of (pOf), for m 7^ 0, 

i; = -e^(^)(l-g2)^^V^e^'"^ (35) 

We can easily check this solution to satisfy the first equation for vg in (|30D by using 
the fact that the associated Legendre polynomials satisfy 

^((1 - l\Priq)) + W + 1) - Y^2)Priq) = . (36) 

Having chosen the function u to be real, we obtain solutions for G;^™ (m = 1, ■ ■ ■ , /) 
by taking the complex conjugation of (|35|) , 

u = ^, ^ = -Aen.)(i_^2^^^rMe— ^ (37) 
fr' m ctg 



Taking a linear combination of solutions for GJ^ and we have real solutions 

for the ansatz equation, 

P'^iq) 

G= — — — (a cosm(/) + 6sinm0) , (m = l, ■■■,/) 

u = — — ; — , v = [1 — q ) ; (— a sinm0 + cosm0) , (38) 

/r' m dq 

where a, b are arbitrary constants. 

For m = 0, with the use of the differential equation (0), (^) becomes 

a,lna(r,g) = -^ln((l-g2)^) , (39) 

which gives 

^^ji^imm, „.^. (40) 

Since the function v does not depend upon the parameter /, the sum of any number 
of u's with different Vs also becomes a solution of (p^) with the corresponding 
sum of G° = Pi{q)/r^^^. Indeed this solution satisfies the ansatz equation (|19D, 
although it contains terms with different homogeneities. This class of solutions of 
the ansatz equation is also obtained by taking 2;-derivatives of the / = solution 

G = y^ an 9"- , M = a„ (9"- , v = cj) = arctan — , (41) 

n ' n ' 

where a„ are constants. These solutions also belong to the space of m = solutions. 

To find an explicit form of T{q) in ( |5^ ) for m ^ cases, let us introduce the 
following identity, 

(1 - ^')^ = + - ^^^r , (42) 

and a series expansion formula for P™, 

. (l_,^)f"'|j^''(zlfP'-^'-0" ,43, 

^0 2''r\ (/-m-2r)! ^ ^ ^ 

Using these formulae, we can rewrite the integrand of T{q) as a ratio of polynomials 
with respect to q, 

t(q) = ^(^ + ^)^^"^ = lil + l)Pri^) .44. 
(1 - q^)dPl^/dq {I + m)P^"i - /gP^™ ' ^ ' 



Note that the factor (1 — g^)^ in the RHS of (^) does not appear in the above 
ratio. The integral may be performed in principle by resolving the integrand into 
partial fractions. 

In the following, we demonstrate explicit solutions of the ansatz equation ( |T9| ) 
for 171 = 1 to m = l — 4. 



[l]m = l 



G 



(sing)' 



cost 



u 



Ir^ 



-i{ta.n6) e 



I il4> 



(45) 



[2] m = / - 1 
G = 



u 



smi 



cos 9 



,i{«-i)</. 



(Zcos^g-l)^ 



sm( 



(/-l)(/cos2g-l) 
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(46) 



[3] m = / - 2 
G 



u 



(sing)'-^((2/-l)cos^g-l) 

— (cosg)^((2/- l)/cos'g- (5/-4))'^-^?V^ , 



(47) 



('sin6')' ^(cosi 



('-2)-' 



(/ - 2) ((2/ - 1)/ cos2 e-{hl- 4)) '""^'-4"'' 



[4] m = / - 3 

_ (sing)'-3cosg((2/-l)cos^g-3) ^,(,.3^^ 

1 (cu + 9(/-l)-2/(2/-l)cos^g)('+^)^^^ 

(^ - 9(/ - 1) + 2/(2/ - 1) cos2 g)('+i)^^^ ' 
e^a-3)0(sin g)'-3 _ _ 1) ^ 2/(2/ - 1) cos' g)('-3)^ 
'4/(/ - 3)(2/ - 1) + 9(/ _ 1) _ 2/(2/ - 1) cos2 g)('-3)^ 

where uj = ^3{19P - 50/ + 27) . 
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(sing)'~^((2/ - 1)(2/ - 3) cos^ 6 - 6(2/ - 3) cos' g + 3) 

2(i + l)(i-2)(i-4+S) 

pN^^ (^(2^ - 1) cos' g - (7/ - 8) - 20 '^'-^^)^ . . 

^ I l\COSU) 2(i+l){i-2){i-4-e) ' l^'^J 

(/(2/- l)cos2^- (7/-8) + 20 ^^^^^ 
. = -- /(z_4)(2/-l) ^'-^^ " 



2(i+l)(i-2)(i-4-;) ^ 
^ 2(i+l)(i-2)(i-4+;) , ^ 

(/(2/ - 1) cos2 ^ - (7/ - 8) - 20 ^^^^^ 



(l{2l - 1) cos' - (7/ - 8) + 20^^ra«" 



where ^ = - 2){llP - 40/ + 24)/(2/ - 3) . 

5 Fourier mode solutions 

The equations of motion (|^) in the case of two fields can be recast as, in general 
dimension, 



dv d dv d 



( du d du d 



M = , (50) 
f = . (51) 



\dx^ dx'^ dx^ dx^^ ^ 
Suppose now we look for a solution of the form 

u = Aexp{k^x'^) , V = B exp{p^x'^) + C exp^q^x"^) , (52) 

where A, B, C are constants, and /c, p, q are constant c?- dimensional vectors. (If 
C=0, then this is simply a special case of the form discussed earlier.) Then the 
coefficient of AB"^ in (EDI) is 



exp(p^x'') [vfi^ - P^^^ (Pf'^" " P^^t^^ exp{prx'' + Kx'') 
= exp{2prx'^ + krx'') {p^k^ -{p-kf) = . (53) 
Similarly, the coefficient of AC^ in (^) vanishes, provided 

q^e -{q-ky = . (54) 
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These conditions ensure that (^) is also satisfied without any further condition. 
They have only nontrivial complex solutions in Euclidean space, but have real 
(or pure imaginary, as befits plane wave solutions) in Minkowski space. What is 
remarkable is that the cross term proportional to ABC in (|50D also vanishes if those 
two conditions (^) , (^4|) are imposed. The vanishing of this term is tantamount 
to the following condition; 

ipM'^ + ku)-Puiqi, + kf,))iq^K-q^k^) + {qf,{p^ + k^)-q^{p^ + kf,)){pf,K-p^k^) = . 

(55) 

Simplifying this equation by using the previous conditions, we have 

{p ■ q)[{p + q + 2k) ■ k] - {p ■ k)q^ - {q ■ k)p^ - 2{p ■ k){q ■ k) = . (56) 

This is satisfied if the pair {p, q) obeys a similar restriction to {p, k) and (g, k). 
These restrictions enable (|56|) to be expressed in the form 

{p-q-\p\\q\mk\ + \p\ + \q\) = 0. (57) 

which is clearly satisfied if p ■ g is replaced by \p\\q\- By a linear transformation, 
fc, p, q may be represented by three-dimensional vectors, k is then expressed as a 
linear combination, 

— * 

k = ap + (3q + 7p x q . (58) 

Taking scalar products of both sides with respect to p and q yields the required 
condition; 

p- q = \pM ■ (59) 
With the metric (+, — , — ), the vectors may be parametrised by 

k = (sinh6', cosh 6*, 0) , 

p = (ai, a2, oi cosh 6* — 02 sinh 6*) , (60) 
q = (6i, 62, &i cosh — 62 sinh 6*) . 

These vectors all satisfy the condition that the cross product of any pair are light- 
like automatically. Further terms may also be added to both u and v, provided 
they fall within this parametrisation; all pairs have lightlike cross products, so the 
modes which fall within this class satisfy a superposition principle. It is expected 
that the analysis can be extended at the cost of more technical complexity, to the 
case of three or more fields. The surprising result is that although the equations 
are non-linear, nevertheless a large class of plane wave solutions obey a superposi- 
tion principle. Note further that the analysis extends to the situation where both 
fields are linear combinations of plane wave solutions; Suppose 

u = '^Aj exp{pj ■ x) , = X! -^i ^^P(^i ' ^) • (^1) 

j 3 
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Then apart from the trivial case where u and v are functionally related, the con- 
ditions for a solution of this type are simply 

{P^ ■ Pj? - Vb] = {h ■ k,f - k^k] = {pi ■ k,f - plk] = , for V (z, j) . (62) 

An important feature of a solution of this type is that the coefficients Aj, Bj are 
all independent, and therefore may be treated as creation or annihilation operators 
in quantising the theory. 

6 Incorporation of mass 

A natural way to introduce a mass will be through the introduction of a term 
M^" Y\i{(j>')^ into the Lagrangian. Then in the case of two fields in general dimen- 
sion discussed in section |], the conditions for a solution of the form of ([T0| ) require 
that /, g are pure exponentials and ([Tl|) is modified to 

{apap){b^b^) - {aphpf = . (63) 

It seems that the incorporation of mass drastically reduces the variety of tractable 
solutions. 

7 Discussion 

In the case of two fields, in section |^, we have exhibited an arbitrary family of 
solutions to the second order equations of motion. These solutions are complex in 
Euclidean space, but real in Minkowski space. On the other hand, in section ^ we 
have demonstrated real solutions of the first order ansatz equation in Euclidean 
space. This situation is reminiscent of the instanton construction, as the self-dual 
ansatz for Yang-Mills also yields solutions which are real in Euclidean space. The 
solutions we have found are associated with spherical harmonics, labelled by two 
integers, which also brings to mind the fact that instantons also have a label, the 
instanton number. 
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